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‘gence results and approximations for optimal (s,S) policies

‘dijk and H.C. Tijms

\CT. In this paper we consider the dynamic inventory model with a

>te demand and no discounting. We verify a conjectufe of Iglehart

the asymptotic behaviour of the minimal total expected cost.

this, we give for the denumerable state dynamic programming model a
* of conditions under which the minimal total expected cost for the
;e model minus n times the minimal average cost has a finite limit

» o, For a positive demand distribution we establish a turnpike

:m which states that fo; all n sufficiently large the optimal n-stage
- (sn,Sn) is average cost optimal. Further, we show that the computa-
f the (sn’Sn) policies supplies monotonic upper and lower bounds on
nimal average cost. Also, the average cost of the (sn,Sn) policy
)etween the corresponding bounds. For a positive demand distribution

bounds converge as n -+ «» to the minimal average cost.







1. Introduction.

e consider the single-item dynamic inventory model with a discrete

d and no discounting. A fixed set-up cost, a linear purchase cost,

x holding and shortage costs, backlogging of excess demand, and a zero
time are assumed. To derive asymptotic properties of this model, we

ss in section 2 the asymptotic behaviour of the minimal total expected
for the denumerable state dynamic programming model. We give in

on 3 a number of known results for the inventory model that will be

d in the sequel. In section 4 we prove that for a positive demand

ibution the minimal total expected cost for the n-period inventory
minus n times the minimal average expected cost per period has a

e 1limit as n>~ which can be explicitly given up to a constant.
continuous demand this result was first proved by Iglehart [4] for
ase of no set-up cost and was conjectured by him for the case of a

ive set-up cost. In section 5 we estéblish under the assumption of a
ive demand distribution a turnpike theorem which states that for all
ficiently large the optimal n-stage policy (sn,Sn) is also average
optimal. Further, we show that the recursive method to compute the

al n-stage policies (sn,Sn) supplies monotonic upper and lower bounds
e minimal average cost. Moreover, the average cost of the (sn,Sn)

y lies between the corresponding upper and lower bound. When the

d distribution is positive these bounds converge as n>® to the minimal

ge cost.




2. The asymptotic behaviour of the minimal total expected cost

for denumerable state dynamic programming.

Consider a dynamic system which at times t=1,2,... is observed to be
in one of a possible number of states. Let I denote the set of all possi-
ble states. We assume I to be denumerable. After observing state i, an
action a must be chosen from a finite set A(i) of possible actions. If the
system is in state i at time t and action a is chosen, then, regardless of
the history of the system, two things happen: (i) we incur an (expected)
cost c(i,a), and (ii) at time t+1 the system will be in state j with prob-
ability pij(a). The costs c(i,a) and the transition probabilities pij(a)
are assumed to be known. We suppose that the costs c(i,a) are non-negative.
No further boundedness condition is imposed on the costs.

Denote by Xt and At’ t=1,2,... the sequences of states and actions.
A policy R for controlling the system is any (possibly randomized) rule
which for each t specifies which action to take at time t given the current

X A, ,). A stationary policy f is a

state X, and the history (X1,A1,..., NPTV

t
rule that for each i selects an action f(i)eA(i) such that always action
f(i) is taken whenever the system is in state i. Observe that {Xt} is a

stationary Markov chain when a stationary policy is used.-For any state i

and policy R, let

¢(1,R) = lim inf___(1/n)3 U g {e(x

t=1"R bg) % =il

.t’

where ER denotes the expectation under policy R. Observe that ¢(i,R)
exists (+~ is admitted), since c(i,a) > 0. When the limit exists ¢(i,R) is
the long run average expected cost per unit time when the initial state is

i and policy R is used. A policy R* is called average cost optimal if
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*) = infR ¢(i,R) for all iel.
et vo(i),ieI, be an arbitrary function such that ijij(a)vo(j) is
e for all i and a and 78 bounded from below in i and a. Define

=1,2,...

vn(i) = min {c(i,a) + ZjeI p..(a)v_ .(3)} for iel.

aehA(i) ij n-1

ve that for each n the function vn(i) exists, since c(i,a) = 0. To
mine the asymptotic behaviour of vn(i), we introduce the following
ptions.

ption 1. There is a finite constant g and a finite function v(i),iel,
that

jpij(a)v(j) is absolutely convergent for all i and a, and

mi

g + v(i) {c(i,a) + ZjeIpij(a)v(j)} for all iel.

Baea(i)

ER{v(Xn)|X1 i} is finite for all i, R and n, and

(1/n)ER{v(Xn)IX1 =i} - 0 as n»>» for all i and R.

et Fopt = {f|f is a stationary policy such that f(i) minimizes the
-hand side of (1) for all iel}. By the remark following the proof of
em 1 in [9] we have infR¢(i,R) = g for all i and each policy from

is average cost optimal. Hence the minimal average cost is indepen-
of the initial state and equals g.

ption 2. The function v1(i) - v(i),ieI, is bounded.

ption 3. For each stationary policy f the associated Markov chain

is non-dissipative, that is, the set of positive recurrent states is

mpty and from each initial state the set of positive recurrent states

be reached with probability one.




Lo

>tton L. For each policy feF . holds that each state which is

pt
ive recurrent under policy f is aperiodic.
>tion 5. For each average cost optimal stationary policy the asso-

1 Markov chain {Xt} has no two disjoint closed sets.

iM 1.

* part (i) of assumption 1 and assumption 2 are satisfied, then there

*nite constant B such that |vn(i)—ng—v(i)|sB for all n>1 and all

* the assumptions 1-4 are satisfied, then 1imn+m{vn(i)-ng—v(i)}

t for all i and is bounded in i. This limit is independent of i if
l[ition assumption 5 ig satisfied.

' of Theorem 1 can be found in [1]. This proof is a generalization

ofs given in [T] and [11] for the case of a finite state space.

3. The inventory model and preliminaries.

 consider an inventory model in which the demands 51,5 for a

EEE
 item in periods t=1,2,... are independent random variables having
lon probability distribution ¢(J) = P{gt=j}, (3=0,1,...3 t=1,2,...).
wume that p = EEt is finite and positive. Any unfilled demand in a

. 1s completely backlogged. At the beginning of each period the stock -

d is reviewed. At each review an order may be placed for any posi-

ntegral amount of stock. An order, when placed, is immediately
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delivered (the case of a fixed positive lead time can be reduced to the

case of a zero lead time, see [10]). The demand in each period takes place

after review and delivery (if any). The stock on hand may take on any

integral value, where a negative value indicates the existence of a backlog.

The following costs are involved. The cost of ordering J units is

K§(j)+c.j, where K 2 0, ¢ =2 0, 8(0) = 0, and &(j) =1 for j = 1. Let L(k)

be the expected holding and shortage costs in a period when k is the amount

of stock on hand at the beginning of that period just after any additions

to stock. We assume that L(k) is non-negative and conmvex, i.e.

L(k+1)-L(k) = L(k)-L(k-1) for all k. For convenience it is assumed that

both L(k)+~ and ck+L(k)+~ as |k|-w. Finally, future costs are not discounted.
We now give a number of known results for this inventory model

(a) The finite period model. Let Z be the set of all integers. Define

vo(i) = 0 for all ieZ, and for n=1,2,..., let

(2) vn(i) = inszi{c.(k—i)+K6(k—i)+L(k)+Z§=Ovn_1(k—j)¢(j)}, ieZ.

The choice vo(i) = 0 can be interpreted as follows. In the finite period

model it is assumed that stock left over at the end of the final period
has no value and backlogged demand remaining at the end of the final period
is satisfied at a cost zero. Scarf [10] proved that, for each n=1,2,...,
-ci + K+ G (S) for i< s_,
n'n n

(3) vn(i) =

-ci + G (i) for i 2s ,
n n

where G_(k) = ck + L(k) + 55

j=0vn—1(k—J)¢(J)’ Sn is the smallest integer

which minimizes the K-convex function Gn(k), and s, is the smallest integer
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atisfying Gn(sn) < K+Gn(Sn). Hence the right-hand side of (2) is minimal
or k=Sn when i < S, and for k=i when i 2 s The quantity vn(i) is the
inimal total expected cost for the n-period model when the initial state
51, and vn(i) is achieved by the following policy of the (s,S) type:

F at the beginning of period t the stock on hand j < S order St—j unit
sherwise, do not order in period t (t=1,...,n). Finally, the integeré S,
d S are bounded [3,4,6,14].

») The infinite period model. We first introduce some notation. Let the
:mewal quantity m(j) be defined by m(j) = ¢(j) + Zkio¢(j—k)m(k), j=0,1,.
1d let M(J) = Zkiom(k). Let s and S be integers with s < S. The (s,S)
)licy is a stationary policy of the following form: If, at review, the
;ock on hand i< s, then S-i units are ordered; otherwise, no order is
.aced. When an (s,S) policy is used the sequence of stock levels at the
:ginning of subsequent periods just before review is a Markov chain that
.S & unique stationary probability distribution [4,12,14], say {qj(s,S)}.

early, qj(s,S) =0 for j >S, and

) ay(e,8) = 5ET ] a,(s,8)6(5-3) + 5,5 q,(s,8)e(i-5)  for a1l 5,

ere ¢(k) = 0 for k0. We note that quj(s,S) is finite. Denote by
s,5) the long run average expected cost per period when an (s,S) policy

used. The quantity a(s,S) is independent of the initial stock and is

ven by [4,12,1L4]

S

) a(s,S)

Z.i:l{c.(s—j) + K + L(S)}qj(s,S) + 3.

3 L(j)qj(s,S) =

S-s

{L(s) + 5,

L(S-k)m(k) + K}/{1+M(S-s)} + cu.




set g be defined as
g = min{a(s,S) | s<S, s, Sez}.

'he constant g exists and is finite. FZx now finite integers s* ana s*

rith s <S* such that g=a(s*,S*) and L(s*—1)2g—cu2L(s*).

Such integers exist [4,5,12]. From definition the (s*,S*) policy is

wwerage cost optimal among the class of the (s,S) policies. However, the
s¥,8%) policy is also average cost optimal among the class of all possible
olicies [U4,5,12]. Hence the minimal average expected cost is independent

>f the initial stock and equals g. Define the finite function v(i), ieZ, by

—c.(i—s*+1)

6) v(i) = ok

. %
Ks ,

L(i-k)m(k) - {g-cu}{1#M(i-s™)}, i>s”.

'hen [4,12] (in [4] the continuous demand version is given),
7) g + v(i) = minkzi{c.(k-—i) + K8(k-i) + L(k) + ZJ.:Ov(k-j)q)(j)}, ieZ,

fhere the right-hand side of (7) is minimized by k=8" for ixs”* and by

. . *
=1 for 12s .

L. The asymptotic behaviour of the minimal total expected cost

for the inventory model.

In this section we shall prove that ifk¢(i)>0 for all i sufficiently
arge, then vn(i)-ng has a finite limit as n»» for all i. To do this, we
thall define a Markovian decision model which has both the same probabilis-
ic structure and the same cost structure as the inventory model under

onsideration. Choose finite integers L and U such that B:snsSnSU for all n
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* . . .. .
ind L<s*SS <U. Consider now the Markovian decision model defined by

cef. section 2),

I = {i]i integer, i<U}, A(i) = {a|a integer, max(i,L)<a<U}, (iel),

c(i,a) = c.(a-i) + Ké(a-i) + L(a), and pij(a)=¢(a—j), (aeA(i)si,jel).

5y (2), (3) and (7) we have vn(i) = mina{c(i,a) + ijij(a)vn—1(j)} for all
€Il and all n>1, and g + v(i) = mina{c(i,a) + ijij(a)v(j)} for all iel.
‘urther, Zjv(k—j)¢(j) is absolutely convergent for all k. It follows from
3) and (6) that v1(i)—v(i) is bounded in iel. Hence part (i) of assumption

and assumption 2 are satisfied. For this Markovian decision model the
tate X, at time t denotes the stock on hand just before ordering in

t

eriod t and the action At at time t denotes the stock on hand just after
rdering in period t. Since excess demand is backlogged, we have

= At - gt for t=1. Further, X, <U and LSAtSU for all t=1. Since v(i) is

t+1 t

inear for i<s* and u=E£t is finite, it now follows that ER{V(Xn)|X1=i}

s bounded in n for each policy R and each i, so part (ii) of assumption 1
s also satisfied. Suppose now that ¢(i)>0 for all i sufficiently large.
hen, for each stationary policy, the associated Markov chain {Xt} has a
on-empty set of aperiodic positive recurrent states, a finite number of
ransient states and no two disjoint closed sets. Hence the assumptions

-5 are also. satisfied, so, by part (b) of Theorem 1, there is a finite
onstant y such that vn(i)-ng-v(i) converges as n>» to y for all i<U.

ince U can be chosen arbitrarily large, we have proved the next theorem.

HEOREM 2. If ¢(i)>0 for all i sufficiently large, then there is a finite

onstant vy such that limn+m{vn(i)—ng} =v(i) + v for all ieZ.
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This result was first proved in [4] for the case of K=0. The next example
shows that Vn(i)—ng may diverge when the condition of Theorem 2 is not

satisfied. Suppose that ¢(1)=1, c=0, K=1, L(1)=0, and L(k)=2|k| for k=1.

Then, v (=1)=v. (-1)=n for all n>1, and g=3. Moreover, ( )=(0,0)

on-1 on Son-1°52n-1

and (s Sgn)=(0,1), where a(0,0)=1 and a(0,1)=3.

2n’
REMARK. In this remark we consider the choice vo(i)=—ci for all i. This
*hoice corresponds to the case where in the finite period inventory model
2ach unit of stock left over at the end of the final period can be salvaged
vith a return of c and each unit of backlogged demand remaining at the end
>f the final period is satisfied at a cost of c. For this case, let vﬁ(i)

>e the minimal total expected cost for the n-period model. The inventory
1odel with a salvage cost ¢ and a salvage value c can be reduced to an
:quivalent model with no salvage cost and no salvage value (see [1k,

op. 528-5291). Using this reduction it is easily verified that Theorem 2
11so holds for the choice vo(i)=-ci provided that we replace vn(i) by Yé(i).

loreover, the assumption L(k) is convex can be weakened to -L(k) is uni-

10dal (ef. [51, [12] and [15]).

5. A turnpike planning horizon theorem and approximations.
We first prove the following turnpike planning horizon theorem.

'HEOREM 3. If ¢(1)>0 for all i suffictiently large, then there is a finite

nteger n_ such that for all nn the (sn,Sn) policy is average cost

0
ptimal.

'ROOF'. Since s, and Sn are bounded, it follows that there is a finite

nteger n, such that for each k2n: (sn,Sn)=(s »S. ) holds for infinitely many

0 k' k
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alues of n. Fix now an (s,S) policy such that (sn,Sn)=(s,S) for some nZnO.

hoose a sequence {nk} with n > as k> such that (sn ,S_ )=(s,S) for all k.
k

¥y Theorem 2 there is a finite constant y such that vn(i)-ng converges as

+ to v(i)+y for all i. Subtracting n g from both sides of (3) with n

k
eplaced by n and letting k»», we find

C-(S—i)+K+L(S)—g+Zj:OV(S—j)¢(j)+Y, for i<s,
8) v(i)+y =
L(1)-g+2, 2 v(i=3)8(i)+y, for ss<iss.

he derivation_of this equality involves an interchange of limit and
ummation which is justified by the fact that Zjv(k—j)¢(j) is absolutely
onvergent for all k and, for some finite constant B, Ivn(i)—ng| < v(i)+B

or all n>1 and all is<S (see part (a) of Theorem 1 and section 4). It is

ow standard to prove that a(s,S)=g. To do this, multiply both sides of (8)
ith the stationary probability qi(s,S) and sum over i. Using (4) and (5),
e then find g=a(s,S), so the (s,8) policy is average cost optimal. This
erivation of g=a(s,S) involves an interchange of the order of summation

hich is justified by the fact that Zjv(j)qj(s,S) is absolutely convergent.

We note that for the discounted cost criterion an analogous turnpike
lanning horizon theorem holds without the assumption that ¢(i)>0 for all i
ifficiently large ([3] and [14, pp. 530-531]; see also [6]). Further,
> note that Theorem 3 implies that the cycling found in the examples given
1 p. 695 in [16] must stop after a finite number of iterations.

We shall now demonstrate that the recursive method to compute the opti-
nal n-stage policies (sn,Sn) yields approximations both for the minimal
average cost and for an average cost optimal (s,S) policy. To prove this,
ve shall first specify the bounds on s, and S, -Let s be the smallest inte-

ger for which cs+L(s) < Kémin {ck+L(k)}. Define S as the smallest integer
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for which L(k) is minimal, and let S be the smallest integer not less th
S for which L(S+1) > K+L(S). Observe that s,S and § exist, since both
ck+L(k)>~ and L(k)»~ as |k|+®. Then [6,1&],‘§SSnSSnS§ for all n and, mor

over, there is an average cost optimal (s,S) policy such that s<s<S<S.
'HEOREM 4. For any n22, let r = min(sn_1,sn) and let

L = min{vn(i)-vn_1(i)Irn<is§}, U, = max{vn(i)—vn_1(i) rn<is§},

and Ug = max{vn(i)-Vn_1(i)Irn<issn}.
Then,

’ < < < 22.
a) Ln <g<«< a(sn,Sn) <U' < Un for all n=22

1
n
D) L, 18 nondecreasing and U, 18 nonincreasing in n.

‘e) If $(i)>0 for all i sufficiently large, then both LU, and Ug

converge as n>e to g.

ROOF. (a) Let F = {(s,8)|s<s<S<8}. Then (s ,8 )eF for all n>1, and

: = a(s,S) for some (s,S)eF. Fix now n>2. By (2) and (3) we have for any

2

's,S) policy

c.(S-1)+K+L(S) + (8-3)¢(J) for i<s,

Zj=0vn—1
9 v (d)s
L) + 2,0 (8-5)8(5) for izs,

7ith equality for all i when (s,S) = (sn,Sn). Choose now an (s,S) policy

*rom F. By (3) we have vn(i)—v (i) = L for all i <8, so, by (9),

n-1
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c.(S-i4KHL(8) + LD v (5-§)4(§)  for iss

v _(i)+L <
n

n-1
. + .m ._- . S's .
L(i) ZJ=OVn-1(1 Jle(3) for s<i<S
ultiplying both sides of this inequality by qi(s,S), summing over i, and
sing the relations (4) and (5), we find Ln < a(s,S). Hence Ln < g, since
he (s,S) policy was arbitrarily chosen from F and g = a(s,S) for some
. . . oy N
s,5)eF. Consider now the (sn,Sn) policy. Since Vn(l) vn_1(1) < Un for all
< Sn and the equality sign holds in (9) for all i when s=s and S=Sn, it

ollows that

c.(Sn—1)+K+L(Sn) + Zj=0vn_1(Sn-J)¢(J) for i<s ,

. o] I_. - <.<
L(i) + Zj=0vn—1(l J)e(3d) for sn_l_Sn.

ultiplying both sides of this inequality by qi(sn,Sn), summing over i,

nd using the relations (L) and (5), we find U£ > a(sn,Sn). This completes
he proof of (a).

b) For any m>1, let km(i) = Sm for i<sm, and let km(i) = i for i2sm. Then,

y (2) and (3), for all is<S§,

<]

(k (1)-§)¢(3) - =

(1)-v (i) 2 2, v (k) j:ovn_1(kn(i)—j)¢(j) > 1,

v
n+1 n

S ] < . .. . . )
o) Ln+1 2 Ln The proof of Un+1 Un 1s very similar and is omitted

¢) This assertion is an immediate consequence of Theorem 2.

We note that an analogous theorem can be established for the discounted
ost criterion by using results from [8] (see also [6]). In [13] results
imilar to those of this section are given for the case where a recursive
ethod with a varying, appropriately chosen, discount factor is used. The

iscussion in [13] is based on results from [2].
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